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Abstract 
Nutio Ballesteros, J.J. and M.C. Romero Fuster, Separation properties of continuous maps in 
codimension 1 and geometrical applications, Topology and its Applications 46 (1992) 107-111. 
We show that the image of a proper closed continuous map, x from an n-manifold X to an 
(n + I)-manifold Y, such that H,( Y; Z,) = 0, separates Y into at least two connected components 
provided the self-intersections set off is not dense in any connected component of Y. We also 
obtain some geometrical applications. 
Keywords: Connected components, self-intersections set, Alexander-tech cohomology with com- 
pact support, quasi-regular immersions, tangent developable, convex curves. 
AMS (MOS) Subj. Class.: 54CO5, 57N35, 57N65. 
Introduction 
The central idea in this work is to investigate the following question: 
Does an immersed hypersurface separate R” into at least two connected components? 
This problem was initially considered by Vaccaro [6], who found a PL-immersed 
S2 (“house-with-two-rooms”, see [7] for a picture), whose complement in R’ is 
connected. He also showed that given any smooth immersion f: X + Y of a closed 
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n-manifold X, whose image is a subcomplex of a smooth triangulation of Y, 
H,(f(X); Z,) is not zero. More recently, Feighn [2] proved that proper C2- 
immersions of (n - l)-submanifolds into an n-manifold Y with H,( Y; Z,) = 0 
disconnect Y 
We prove in this paper that the above question can be answered in the affirmative, 
not only for immersed hypersurfaces, but also for the image of any proper, closed 
continuous map f: X + Y, between manifolds X and Y with dim Y = dim X + 1, 
provided H,( Y; Z,) = 0 and that the self-intersections set off is not dense in any 
connected component of X. We must point out that Vaccaro’s immersion does not 
satisfy this condition. 
We obtain, as a consequence, separation results for immersions and also extend 
our conclusions to the category of manifolds with boundary. 
Finally, we apply these results to deduce that the tangent developable surface of 
most closed spatial curves separates R3 into two connected components. Moreover, 
we prove that for generic closed curves in R3, convexity can be characterized in 
terms of connexion of the complement of the tangent developable surface in the convex 
hull of the curve. 
1. Separation theorem 
All the manifolds considered throughout this section will be topological unless 
differently specified. 
Lemma. Let X be an n-manifold and A G X a closed subspace that does not contain 
a whole connected component of X. Then fi:(A; Z,) = 0, where G: denotes the nth 
eech-Alexander cohomology with compact supports group. 
Proof. It follows from the Alexander duality [8, p. 3421 that fi:(A; Z2)g 
l&(X, X -A; Z,), because the singular homology group in the right-hand side is 
null unless A contains a whole connected component of X. 0 
Theorem 1. Let X be an n-manifold and Y an (n + I)-manifold with H,( Y; Z,) = 0. 
Given a proper closed continuous map f: X + Y whose self-intersections set A = 
{x E X: f -‘(f(x)) # x} is not dense in any connected component of X, then Y-f(X) 
is disconnected. 
Proof. All the homology and cohomology groups in this proof will be considered 
with coefficients in Z2. 
From the exact sequence of the pair ( Y, f (X)), 0 = H,( Y) + H,( Y, Y-f(X)) + 
I?,,( Y-f(X)), it follows that it is enough to show that H,( Y, Y-f(X)) # 0. 
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Now, f(X) is closed in Y, hence we can write H,( Y, Y-f(X)) = fi,l(f(X)). On 
the other hand the closure, A, of A and f(A) are closed and f is proper, so we have 
the following diagram whose rows are exact sequences: 
- H:-‘(A) - fiY(X, A) - H:(X) 
T (1) T (2) T (3) - iy(f(A)) - ~:(f(w,f(~)) - Hr(f(w) - H:(A) - HF"(X,A) - . . 
T (4) T (5) - H:(f(A)) - H:+'(f(X),f(A)) - . . 
From the lemma above we have that @:(A) = 0, and hence (4) is an epimorphism. 
Moreover we have natural isomorphisms HF(X, A) = @(X-A), @(f(X), 
f(A)) = gF(f(X) -f(A)), and (fix-a)* : H:(f(X) -f(A)) + f?F(X -A) is an 
isomorphism too. So (2) and (5) are isomorphisms. 
Now, the five lemma [8] implies that (3) is an epimorphism, and by applying the 
Alexander duality again, H:(X) = H,(X) # 0, we get that fi:(P(X)) # 0. 0 
As a particular case, we can consider a quasi-regular topological immersion 
f: X + Y. Here by a quasi-regular topological immersion we understand (following 
[4, p. 1 l] for the smooth immersions) a topological immersion f: X + Y such that, 
for any y in the self-intersections locus S =f({x E X: fP’(f(x)) # x}) of J; there is 
a coordinate system for Y, valid in a neighbourhood U of y, that takes y to 0 E R”+’ 
and the branches off in U to distinct linear hyperspaces of R”+‘. 
Clearly, the self-intersections set of any quasi-regular topological immersion is 
nowhere dense in X, so we can assert that the image of any quasi-regular topological 
immersion f: X+ Y, with H,( Y; Z,) = 0, separates Y into at least two connected 
components. 
A more restrictive class of immersions for which the same result holds is that of 
immersions with normal crossings. Moreover, the same applies to any boardman 
map f: X + Y (H,( Y; 27,) = O), satisfying the normal crossings condition as in [3, p. 
1571. So, there is a residual set of maps in C”(X, Y) (H,( Y; h2) = 0), for which the 
separation property holds. Indeed, the result holds for any stable map in this context, 
and even for CO-stable maps. 
The above results may be extended to the category of manifolds with boundary, 
as follows: 
Given a manifold X with boundary ax, the “double of X” is a manifold without 
boundary of the same dimension as X, defined by 
2x=x ux= 
Xx(0) u Xx(1) 
r)x (x, 0) - (x, l), for x E 8X ’ 
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If f: X+ Y is a continuous map between manifolds with boundary, carrying 
boundary points of X to boundary points of Y, we can define the “double map” 
2f: 2X + 2 Y in the obvious manner. 
Theorem 2. Let X be an n-manifold with boundary and Y an (n + 1)-manifold with 
connected boundary, and such that H,( Y; Z,) =O. Given any proper and closed 
continuous map f: X + Y such that f (3X) c ~3 Y and f(int X) c int Y, the complement 
of f(X) is disconnected in Y provided the self-intersections set of X is not dense in 
any connected component of X. 
Proof. The double map 2f: 2X + 2 Y clearly satisfies all the hypotheses of Theorem 
1 for continuous maps between manifolds without boundary, and thus we know 
that 2 Y -2f(2X) is disconnected. We can then put this subspace as a union 
c,u. * .uc,, of m 2 2 connected components. So we have Y-f(X) = 
(2Y-2f(2X))n Y=(C,n Y)u. . . u (C, A Y), where we identify Y with the sub- 
set of classes [y, 01; for all y E Y in 2 Y. 
It is not difficult to show now that at least two of the intersections C, n Y are not 
empty. 0 
2. Geometrical applications 
Let (Y : S’ + R3 be a closed smooth embedded curve in the space and let 
(s, A) ++ a(s)+Acu’(s) 
be the tangent exponential map associated to (Y. The image of x is known as the 
tangent developable of (Y and we denote it by T(cy). 
A question that arises in this context is: 
(1) Is the complement of T(a) disconnected in general? 
Or even, consider the convex hull, W(a), of cy in R3, that is the minimum convex 
subset of R’ that contains a(S’). It can be shown [l] that for “most nonplanar 
curves” W(a) is homeomorphic to a 3-dimensional disc, its boundary being a 
topological 2-sphere, that we call the convex envelope of LY. We can also ask: 
(2) Is the complement of T(a)nIHl(o) d’ zsconnected in W(o) for any closed curve 
in R3? 
Now, convex planar curves provide examples for which the first question is 
negatively answered. On the other hand, the closed curves lying on convex surfaces 
are examples showing that the second question cannot be answered in the affirmative 
for all nonplanar curves. Nevertheless, we can answer the above questions as follows: 
It can be shown that for “most curves” in R3, i.e., for an open and dense set, E, 
of smooth embeddings from S’ to R’ with the restricted P-Whitney topology on 
Emb(S’, R’), the surface T(a) is topologically immersed with normal crossings 
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except at isolated points (=torsion zero points) that lie in the closure of the set of 
double points (this can be deduced from the results of [5]; a proof with full details 
is presented in [6]). Now from the arguments in Section 1, we can immediately 
conclude a positive answer of question (1) for all the curves in E (“generic curves”). 
Remark. The curves in E are characterized by multitransversality conditions on the 
multijets j”cu of (Y, k s 4. All the planar curves are automatically excluded from this 
set, and we do not know whether nonconvex planar curves, for instance, produce 
positive or negative answers in (1). 
As for question (2) we can say that, given any nonconvex generic curve a : S’ + R3, 
the complement of T(a) n W(a) is disconnected in W(a). 
A convex curve in R3 is defined here as a curve that lies entirely on its convex 
envelope. 
To justify the above assertion, we consider for a nonconvex curve CY, one of the 
connected pieces of LY that lie inside its convex hull H(a). We can represent this 
piece by 6 : I + W(a) = R’, where Cu is the restriction of (Y to a subset I of S’ 
homeomorphic to a closed interval. Now, the intersection of W( (u) with the image of 
~:ZxR+R3, 
(s, A) H (Y(S)+AhCY’(S) 
defines a 2-disc, 0, which is topologically immersed in W(a) except at isolated 
points, and thus satisfies the conditions of Theorem 2. Consequently D separates 
W(Q) into at least two connected components. And as D is contained in T(a) n W(a), 
so does T(a) nH(c-u). 
As a consequence of this, we can formulate the following assertion for any generic 
curve (Y : S’ + lR3, 
(Y is convex @ T(a)nH(a) does not disconnect W(a). 
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